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1 Proofs
We first define the following lemma, which we will be using in the later proofs.

Lemma 3. Fach constraint l; in Lemma 1 can be rewritten in the form of
such that U is a function on correlations among variables in M, and each q; for alli=1,...,n  andl=1,...,n
satisfies the following conditions.

1. If 0; is a directed edge, then q; = Z;L:o bi;a;;1, where a;;; and by, are defined the same way as

[Brito and Pearl, 2012] Equation (10).
2. If 6, is a bidirected edge, then g;; = b;,.

The proof of Lemma 3 is given in Section 1.4.

1.1 Proof of Lemma 1

Proof. Given Lemma 3, and [Brito and Pearl, 2012] Section 7.4, we have all those coefficients are functions on
the correlations of variables in M. O

Note that the functions are not necessarily polynomials, since from the proof of Lemma 3, ¢; is a polynomial
on correlations, while p,,,.w, is ¢; divided by some functions on the correlations, which results in an arbitrary
function.

1.2 Proof of Lemma 2

We prove Lemma 2 together with Theorem 1.

1.3 Proof of Theorem 1

Proof. To prove there exists a full-rank set of N = n’ + ng + n. linear constraints on F, we first construct a set
of constraints, £, such that |£| = N. Then we prove each of the N constraints is linear, and finally we show that
the set is full-rank.

Constructing the N constraints: We first construct the first n’ constraints. Given a partial-instrumental
set Z for E on E’', w.lo.g, denote Z = {z1,..., 2}, E ={e1,...,en}, E' = {e1,...,en}. Also denote the triples
in the definition of a basic-partial-instrumental set as (z1, Wi1,p1),..., (zn, Wyr, pp/). Since each p; is a path
from z; to Ta(e;), we can say each z; matches to an edge e; € E’. From Lemma 1, we can create l;, which is
matched to z; and e;. See Lemma 3.

The left-hand side expression from Equation (1) and g1, - . ., ¢;n can all be calculated from the data. Hence, the
first n’ linear equations we construct for £ are Equation (1) fori =1,--- ,n/.
Next, we construct the next group of n. constraints in £. For each j =1,...,n., we write the j-th constraint in
FE, as

0 =dje; + €5, (2)

where d; is a constant, and €, and €5, are the two edges involved in this equality constraint. W.l.o.g, we assume

for each j, in the j-th constraint, the first edge, €j;, is selected for the selection defined in the theorem.



Finally, we construct the remaining nj of the constraints in £. For each h = 1,...,ng, the h-th edge in E} is
efL, and we have a constraint

)\h = 62, (3)

where Ay, is the known value of ef.

Constructing a matrix of the constraints Now that we have a set of N = n’ +n, +nj, constraints, in order
to prove that they are linearly independent, we want to construct a matrix, and prove the matrix is full-row-rank.
We first construct an ordering of the edges involved in those constraints.

The first n’ edges are the edges in E’, in the order of ey, ..., e, . Since there exists a way to non-repetitively
select one edge from each equality constraint that certain conditions are satisfied, let the selected edges, E, be
the next n. edges, with the ordering the same as the ordering of the equality constraints in £. Denote those edges
as {efy,...,e€5 1}, and the edges that are paired with those edges as {ef,,..., e, o}. Next, the last nj edges are
those in Ej, with the ordering the same as the constraints in £. Finally, any edges in (E'U Ey) \ (E' U E5 U E})
can be of any order in the end. We can construct this order because as specified in the theorem, E’, E,, and Ej
do not share any element.

Given the ordering of the edges, we can construct a matrix, where each term in the matrix is the coefficient in
front of an edge in a constraint. Each row is one constraint in £, in order, and each column is one edge, in the
order we just specified. So we have an N x |E| matrix. To prove this matrix is full-row-rank, it suffices to prove
the NV x N sub-matrix containing the first N columns of the original matrix is full-rank. Below we give what the
submatrix looks like (the first row in parentheses is used to indicate the edges for the matrix, and is not part of
the matrix.)
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U denotes “unknown”, which might be zero (if the edge corresponding to that column is not in E, or is in E but
not in the constraint corresponding to that row,) or non-zero (if the edge corresponding to that column is in F
and is in the constraint corresponding to that row.)

Proof that the matrix is full-rank To prove this matrix is full-rank, we simply have to prove that the
determinant does not vanish. The determinant of an IV x N matrix can be calculated using the Leibniz formula,
which is summing up the product of N entries corresponding to all possible permutations of the set {1,2,..., N}.
Hence, we only have to prove that the product we get by selecting the first permutation, i.e., {1,2,..., N}, cannot
be canceled by any other products. In other words, we only have to prove that the product of the diagonal of
the matrix has a term that cannot be canceled out by any other term from the expression of the determinant.

We define a term, T* to be

where T'(p;) is the product of the edge coefficients along the path p;. T* must exist in the product of the
diagonal, since H;L:1 T'(p;) exists in the product of the first n’ entries from the diagonal (Lemma 3), and []}", d;
is the product of the rest of the diagonal entries.



Suppose that T appears at least twice in the expression of the determinant. We first prove that 7" must come
from selecting the diagonal terms of the matrix.

Note that each selection must select one entry from each row and each column, from the Leibniz formula. We
must select the diagonal for the last nj entries, since if a non-diagonal entry was selected, that entry must be 0,
and the whole product would be 0.

Next, we must also select the diagonal for the middle n. entries, di,...,d,, . We prove this argument by proving
that if we do not select the diagonal, then we cannot reproduce the product of the n. diagonal entries no matter
what edges we select, which means any term in our selection cannot cancel out 7. Suppose this is not true, i.e.,
even if we do not select the diagonal entries for the middle n. rows, we can still get the product somewhere else.

Recall that for each j =1,...,n, d;e$; + €55 = 0. Since this equality constraint should comply with the actual
values of the edges €5, €}, in the model M, we have for each j,
e€
dj =2 (5)
€

Denote the product of the diagonal entries for the middle n, rows as T,,, then

T, = (-1 T 2. (©)

j=1 €1

Terms cancel out if we have the same edge with one occurrence on the numerator and one occurrence on the
denominator. So we might end up having a simplified expression,
n e

T = (—1) Ha (7)

2

Note that T, cannot be (—1)"e, where all edges cancel out. We next examine where those edges might appear
in the matrix. First note that the terms in the first n’ rows do not contain any edge in I'nc(y) (Lemma 3).

b;; are polynomials on the correlations among z;, Wi, ..., W;, and a;; = PW; 21 All edges in Inc(y) have a
head y, which means no edge in Inc(y) can appear in the correlations among the non-descendants of y (this can
be seen from Wrights’ rules.) So ¢;;, which is made up of correlations among W, x;, z; (all non-descendants of
y,) does not contain any edge in Inc(y).

3 ?

Hence, the edges in T}, cannot be canceled out by anything in the first n’ rows, which means T™* will contain T},
as it is.

Suppose we select only a subset of n/ the diagonal entries for the middle n. rows. For each row where the
diagonal is not selected, 1 must be selected (otherwise we will have to select 0, and the product will be 0.) So
we end up having the product of the selected entries from the middle n. rows, T, as

R | B (8)
e

3

T, and T} cannot be equal to each other. Otherwise, we produce a constraint on those edges by equating T},
and T, . However, given that the equality constraints are linearly independent, the values of those edges should
vary independently and should not comply to any constraint. In other words, they are equal only when the
constraint is satisfied, which has Lebesgue measure 0, so we assume that is not the case. Thus, to cancel out T,
we must select the diagonal of the middle n, rows.

We have proved that for the last n, + nj rows, we must select the entries on the diagonal. For the first n’ rows,
we can only select from the first n’ columns, since we can only select one entry from each column, and the last
ne + ny columns already have entries been selected. Therefore, we only need to analyze the top left n’ x n’
submatrix. The problem reduces to proving the term

r=117w) (9)

n
j=1



exists only once in the determinant of this submatrix. We first prove that ¢t* appears only once in the product
of the diagonal entries. We use the same proof strategy as in [Brito and Pearl, 2012] Proof of Lemma 8. To get
t*, we need to select one term from each diagonal entry such that the product of those terms gives t*. From
[Brito and Pearl, 2012] Proof of Lemma 8, for ¢;; where column j is a directed edge, if we select the second or
the third term of g;; in [Brito and Pearl, 2012] Equation (11), then it must bring in a term that is not in t*, or
causes the product to contain a term in ¢* twice. Hence, for those g;; entries, we can only select from the first
term in Equation in [Brito and Pearl, 2012] Equation (11). After eliminating those terms from consideration,
the remaining terms in the product of the n’ diagonal terms are given by

i for directed k for bidirected

:t*ﬁ(l +bj,), (11)

J

From [Brito and Pearl, 2012], Bjo are polynomials on correlations among W;, and they do not have any constant
terms. As a result, t* appears only once in Equation (11), and thus appears only once in the product of the
diagonal entries.

What remains to prove is that ¢* does not appear in the product of another selection of entries, which is different
from selecting all the diagonals. For the columns that correspond to bidirected edges, we have to select the
diagonal terms, since those are the only terms in those column that are non-zero. We generate a submatrix by
removing those columns corresponding to bidirected edges and those rows with the same row numbers as those
column numbers. This submatrix is a square matrix, and all columns correspond to directed edges. This reduces
to the proof of Theorem 1 from [Brito and Pearl, 2012], where they proved that no matter which selection we
have, the term [[; ¢, girectea 1 (Pj) can never be canceled.

To sum up, we showed that one can never find another term in the determinant that can cancel out a term, T,
which is also in the determinant. Hence, the IV x N sub-matrix is full-rank, and the IV x E matrix is full-row-rank.

Finally, when N = |E|, we have a full-rank set of N linear equations on N edges, so we can solve for all of the
edges. O

1.4 Proof of Lemma 3

Proof. From Lemma 1 in [Brito and Pearl, 2012], denoting W; = {W;,,...,W;, } (we assume W, contains k
single variables), we have

d’i(ziaya Wi1> . '7Wik)

Pziy- Wi = ) 12
o Vi(zi, Wiy oo, Wi )0y, Wiy, oo, Wiy (12)
where ¢ is linear on the correlations p.,y, pw, y,...,pw; y, and the square of each of the v functions is a
polynomial on correlations among the variables it takes. We can write

¢i = biopziy + bi1pWi1y + et b“PWlky (13)
We only need to prove that ¢; is linear on the edges eq,...,e, and does not contain any constant term. Since
Pzy-w, vanishes in G gnpuye,1— from the definition of a partial-instrumental set, ¢(z;,y, Wi, , ..., W;, ) must also

vanish in Ggrpuye,}—- For all bidirected edges in Inc(y), we can treat them as two directed sub-edges connected
at the tails. Hence, [Brito and Pearl, 2012]’s Lemmas 6 and 7 apply. Let e; be the same as ¢; if e; is directed, and
the sub-edge pointing to y if e; is bidirected, and we immediately have that ¢; is linear on the edges e, ..., e,
and does not contain any constant term. If e; is bidirected, ¢; being linear on e;- is equivalent to that ¢; is linear
on ej. From Lemma 7, we have that all edges not in EN D U {e;} have coefficient 0. Hence, either ¢,,, is the

only bidirected edge in the constraint I;, or there exists no bidirected edge in ;.

Pz;y-w, can be written in the form of p,,y.w, = ciie1 + -+ + cinen. We then apply the results from Section 7.4
in [Brito and Pearl, 2012] and we have for each j where e; is a directed edge, ¢;; is a function of the correlations
of variables in M.



If there does not exist a bidirected edge among 64,...,60,, then the lemma is evident from the result from
[Brito and Pearl, 2012]. If there exists a bidirected edge, w.l.o.g, assume 6, is the bidirected edge. Now we
examine every g;;.

First we can decompose 6 into two directed edges, one pointing to y and one does not include y. Let the
decomposition be 0, = af, where a is the edge pointing to y. We can thus write p,,,.w, in the form of

Pziyw; = ¢itbh + -+ Gi(n—1)0n—1 + qnBa. (14)

Now we have a linear equation on directed edges 61, ..., 6,_1,«. Hence, the results from [Brito and Pearl, 2012]
applies, and we know for j where 6, is a directed edge, g;; is the same as the way defined in [Brito and Pearl, 2012].

The coefficient of o can also be regarded as Z?:o bi,a;;n. Recall the definition in [Brito and Pearl, 2012], each
a;i;n is the sum of paths from z; or W; to y passing through 6,,, but not including 6,,. From Definition 4, each
W;, is non-descendant of z;, so any unblocked path from Wi, to z; must have an arrowhead at z;, which makes
2; a collider (also named as “sink” or “convergent”) between W, and y, and blocks the path between z; and y.
Since no paths from other z; or W; can pass through the bidirected edge, the only non-zero a;;, is @;yn, which is
the sum of paths from z; to y through 6,, but not including 6,,, which is equal to 1. The corresponding multiplier
is b;,. Since the index of the bidirected edge among 6, ...,6, does not matter, we assumed the bidirected
edge is of index n for the convenience of discussion. Now we can replace n with [ and we have the coefficient
qit = biy - 1 = by,

O

2 Discussion on the Example in Section 7.1

In Figure 3 left, if the equality constraint is instead \,; = Ay, then the equality constraint in the latent
projection DAG is €,y = €4y {w, z} form a partial-instrmental set for {€yy, €4y, Azy} 0N {€wy, Azy}. Together
with the equality constraint, we can solve for all edges.

If the equality constraint is instead Ayz = Ayy, then the equality constraint in the latent projection DAG is
Exw = Ewy- Ezw 18 identified (6guw = prw). Then with the equality constraint, €., is identified. ez = qy.
{w,z} form a partial-instrmental set for {€.y, Eay, Azy} 0N {2y, Azy}. Together with the value of e, we can
solve for all edges.
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