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Abstract

In this paper, we study the problemof determiningactual
causesof eventsin speci�c scenarios,basedonade�nition of
actualcauseproposedby HalpernandPearl.To this end,we
explore two differentsearch-basedapproaches,enrichthem
with admissiblepruningtechniquesandcomparethemexper-
imentally. We alsoconsiderthetaskof designingalgorithms
for restrictedformsof theproblem.

Intr oduction
Recently, therehasbeena renewed interestin establishing
a precisede�nition of event-to-eventcausation,sometimes
referredto as”actual cause.” Although a de�niti ve answer
hasbeenelusive,many proposalshaveshown promise.This
paperfocuseson a de�nition proposedby (Halpern& Pearl
2001),andspeci�cally seeksto �nd an ef�cient algorithm
to determinewhetheroneeventcausesanothereventunder
this de�nition.

Complexity resultsby (Eiter & Lukasiewicz 2001)have
shown that in general,the problemof determiningactual
causeunderthis de�nition is

��� �

-complete.Therefore,this
paperproposesand evaluatessearch-basedstrategies, for
both thecompleteandrestrictedformsof theproblem. We
are not aware of any other attemptsmadeto addressthis
problemfrom analgorithmicperspective.

Dueto limited space,we provideonly proof sketchesfor
someresults.Full proofsareavailablein (Hopkins2002b).

Formal Description of the Problem
This paperaddressesthe issueof how to detectwhether
someevent A causedanotherevent B, basedon a causal
model-basedde�nition proposedin (Halpern& Pearl2001).
Intuitively, theoverarchinggoal is to answercausalqueries
regardinga fully speci�ed story, andmoreambitiously, to
generateexplanationsautomatically, in responseto “why”
questions.An examplethatillustratessomeof thecomplex-
ities of sucha task is called The DesertTraveler, a story
inspiredby PatrickSuppesandfeaturedin (Pearl2000).

Example A deserttraveler � hastwo enemies.Enemy1
poisons� 's canteen,andEnemy2, unawareof Enemy1's
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action,shootsandemptiesthe canteenbefore � drinks. A
weeklater, � is founddeadandthetwo enemiesconfessto
actionandintention. A jury mustdecidewhoseactionwas
theactualcauseof � 'sdeath.

Here,the taskis to determinewhetherEnemy1's action
orEnemy2'sactionwastheactualcauseof � 'sdeath.(Pearl
2000)phrasesthegeneralquestionin thelanguageof struc-
turalcausalmodels.

Beforeproceedingto formalizations,let usestablishsome
preliminaries.We will generallyuseupper-caseletters(e.g.

�

, � ) to representrandomvariables,andthelower-casecor-
respondent(e.g. � , 	 ) to representa particularvalueof that
variable.
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will denotethedomainof arandomvari-
able

�

. Wewill usebold-faceupper-caselettersto represent
a setof randomvariables(e.g. � ,� ). The lower-casecor-
respondent(e.g. � ,� ) will representa value for the corre-
spondingset.Speci�cally, for �����
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is the set of all
possiblevaluesfor � .

Formally, a causalmodelis a triple �78
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8 is a �nite setof exogenousrandomvariables,
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is a�nite
setof endogenousrandomvariables(disjoint from 8 ), and
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that assignsa valueto
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for eachsettingof the
remainingvariablesin the model GH�I8

,J9LK
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. For
each

�

, we cande�ne NPOQA , theparentsetof
�

, to bethe
setof variablesin G thatcanaffect thevalueof

�

(i.e. are
non-trivial argumentsof ?

A ).
Causalmodelscan be depictedas a causal network, a

graphwhosenodescorrespondto thevariablesin 8

,R9

with
anedgefrom � to

�S6Q9

if andonly if �

6

NTOUA . Theen-
dogenouscausalnetworkis de�ned similarly, but overonly
thevariablesin

9

. Recursivecausalmodelsarecausalmod-
els whosecausalnetworks aredirectedacyclic graphs. In
this paper, we restrictour analysisto recursive causalmod-
els (following the analysisof (Halpern& Pearl2001)and
(Eiter& Lukasiewicz 2001)).

We will further assumethat the domainof eachrandom
variableis �nite andexplicit, that each ?

A is computable
in polynomialtime, andthat thenumberof parentsfor any
particularvariableis boundedby a constant.

Example In Fig. 1, we seetheDesertTravelerscenarioex-



Figure1: Causalmodelfor theDesertTravelerscenario.All
variablesarepropositional.
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. All variablesarepropositional,
with value1 indicatinga trueproposition,andvalue0 indi-
catingthatthepropositionis false.

An importantaspectof causalmodelsis their ability to
storecounterfactualinformation. We canexpresscounter-
factualcontingenciesthroughthe useof submodels.Intu-
itively, a submodel�x esthe valuesof a setof endogenous
variables� at � . Consequently, the valuesof the remain-
ing variablesrepresentwhat valuesthey would have had
if � hadbeen � in the original model. Formally, given a
causalmodel � � � 8
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;

����� aretypically abbrevi-
ated ��� and

;

� .
In a recursive causalmodel,thevaluesof theexogenous

variablesuniquelydeterminethe valuesof the endogenous
variables. Hencefor a causalmodel � � � 8
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and
a setof endogenousvariables�
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we canrefer to the
uniquevalueof � under  
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(or sim-
ply �M�$ 
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). We cande�ne �	!&% �# 

�

analogouslyfor a sub-
model �'� (andabbreviate it �(� �$ 

�

). Sincewe aredeal-
ing with the issueof determiningactualcausein a fully-
speci�ed scenario,this amountsto askingcausalquestions
in a causalmodel for which the valuesof the exogenous
variablesaregiven. For causalmodel � � � 8
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and
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asacausalworld.
The following propertiesof recursive causalmodels,es-

tablishedin (Pearl2000),will beuseful:

Proposition1 Let � � � 8
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if all directed
pathsfrom � to � in thecausalnetworkof � are in-
terceptedby * .

(b) �.- �$ 
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�F�.-
�
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�

if �0- �$ 

�

�F� .

Equippedwith this background,we cannow proceedto
de�ne actualcause:

De�nition 2 Let � � � 8
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be a causalmodel. Let
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. � � � is an actualcauseof � � �

(denoted��3 � ) in a causalworld �#�
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if the following
threeconditionshold:

(AC1) �J�$ 

�

�F� and �M�$ 

�

� � .

(AC2)Thereexists* 
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�F� .
(b) � � - �# 
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(c) �(� -76 �# 
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such that
9 = 8=�# 

�

.
(AC3) � is minimal; no subsetof � satis�esconditions
AC1andAC2.

Intuitively, � is anactualcauseof � if (AC1) � and � are
the“actualvalues”of � and � (i.e. thevaluesof � and �

underno intervention),and(AC2) undersomecounterfac-
tualcontingency + , thevalueof � is dependenton � , such
that setting � to its actualvaluewill ensurethat � main-
tainsits “actual value,” even if we force all othervariables
in themodelbackto their “actualvalues.” (AC3) is asimple
minimality condition.

Example In theDesertTravelerexample,we seethat
�

�

:

(shootingthecanteen)is indeedanactualcauseof � �

:

(death),since
�

�$ 

�
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, ���# 

�

�

:

, � A���;=< >?��; �$ 
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�A@ ,
and �
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�

< >?��;
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�

�

:

. Here, our + is
�

�B@ . Notice
alsothat � �

:

is not anactualcauseof � �

:

underthis
de�nition.

The questionthat this paperaddressesis: givena causal
world �#�

�

 

�

, how canwe ef�ciently determinewhether�

is anactualcauseof � ? Unfortunately, it turnsout that this
problemis

�
��

-complete(Eiter& Lukasiewicz 2001).
Becauseof this, we focuson searchstrategiesfor deter-

mining actualcause.For simplicity, we will be restricting
our examinationto singlevariablecausation,i.e. whether

�

� � causes� � 	 , for
�L�

�

6Q9

. Thisrestrictionis par-
tially justi�ed by thefollowing theorem,provenin (Eiter &
Lukasiewicz 2001),andindependentlyin (Hopkins2002a):

Theorem3 Let � �H� 8
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be a causalmodel. Let
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and �
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. If �D3 �

under  , then � is a singleton.

This theoremestablishesthat any candidatecausethat
containsmultiple variableswill inevitably violate the min-
imality requirementof theactualcausede�nition. Thuswe
mayrestrictour focusto singletoncauses.

We alsodo not considerour effect to be a Booleancon-
junctionof primitive events � � � , since

�

� � is anac-
tualcauseof � � � �E�(8 �

9

�

if f
�

� � is anactualcause
of � � � and

�

� � is an actualcauseof 8 �

9 . Thus
any algorithmthat determinesactualcausebetweenprimi-
tive eventscanimmediatelybeappliedin themoregeneral
casethroughrepeatedapplicationsof thealgorithm.

Thus, let us considerthe task of determiningwhether
��3 	 holdsin a givencausalworld. The �rst thing to no-
tice is thatcheckingAC1 andAC3 areeasytasks.To check
AC1, we merely needto checkthe value of two different
randomvariablesundera single intervention (speci�cally,
the null intervention). We cancomputethe valueof every
randomvariablein a causalworld undera single interven-
tion in polynomialtime,by thefollowing simpleprocedure:
chooseavariablefor whomthevaluesof theparentsarede-
termined,thencomputethevaluefor thatvariable;continue



until valuesfor all variablesarecomputed.Clearly, thispro-
cedureis alwaysexecutablein arecursivecausalworld. AC3
is trivial, in light of Thm.3.

Thedif�culty lies in checkingwhetheror notAC2 holds.
Theremainderof this paperdealswith strategiesfor decid-
ing this. We shouldpoint out that the taskof determining
whetherAC2 holdsboils down to searchesthroughtwo dif-
ferentsearchspaces:

1. A searchthroughpossible + . The top-level task is to
�nd a set of variables * , and a particularvalue +

6


���
0�$*

�

thatsatis�esall threeconstraintsof AC2.

2. A searchthroughpossible8 . Notice that for a given + ,
AC2(a)andAC2(b) canbe checked in polynomial time
(sinceeachmerelyrequiresus to computethevalueof a
variableunderasingleintervention).However, AC2(c)is
moreinvolved. It requiresusto checkthatthereis no set

8 suchthat � � -76(�# 

� 5

� 	 , where9

� 8=�# 

�

. Herewe are
searchingfor asetof variables,ratherthanfor aparticular
valuefor a setof variables,asin thesearchfor + .

Algorithm-Independent Optimizations
Naturally we would like to reducethe sizeof thesesearch
spacesasmuchaspossible.To thisend,wede�ne thenotion
of theprojectionof a causalworld.

De�nition 4 Let � � � 8
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be a recursive causal
model. Supposewe havea causalworld �)�
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such that
9

� �

�&� ��� �!� ���-# %

. To deletea variable
�-4

from �#�

�

 

�

,
�-4

is removedfrom
9

, andthestructural equation? A of each
child

�

of
�

4

is replacedwith ?RA1C ��� , where �

4

�

�
4

�$ 

�

.
Theprojectionof �#�

�

 

�

over variables
� � ���

�

� �!� �!�����

is a
new causalmodelin which

�	��
 � ������


�

��� � �!��� #

are deleted
from �)�

�

 

�

. The W-projectionof �#�

�

 

�

with respectto
� 3�	 is theprojectionof �#�

�

 

�

over
�

, � , thevariables
9

A�
 on a path from
�

to � in the causalnetworkof � ,
andtheparentsof

9

A�
 and � in thecausalnetworkof � .

Intuitively, deletinga variablegivesusthesameresultas
permanently�xing it at its actualvalue.Now we canprove
that the questionof whether � is an actualcauseof 	 in

�#�

�

 

�

dependsonly onthepathsthatconnect
�

to � in the
causalnetwork of � , andthenodeswhich in�uence nodes
onthesepaths(i.e. theW-projection).All othernodeseither
do not in�uence Y, or do sothrougha parentof a nodeon a
path,andcanbesafelyignored.

Theorem5 Let � � � 8
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be a recursive causal
modeland supposewe havea causalworld �#�

�

 

�

. Then
� 3S	 in �)�
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iff � 3 	 in �)�
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, where �

�

is the
W-projectionof �#�
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�

.

Proof Suppose� 3F	 in �#�
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suchthatAC2
is satis�ed. Now considertheset N of variableswhich are
parentsto variablesonapathfrom

�

to � (exceptparentsof
�

), but arenot themselvesona pathfrom
�

to � . Suppose
N

-
�$ 

�

��� . De�ne *

�

astheunionof N with thesubset
of * on a directedpathfrom

�

to � , andde�ne +

�

such
that +

�

�

� �

� +L�

� �

for
� 6

* and +

�

�

� �

�

�

- �$ 

�

for
� 6

N .

We will show that this +

� 6
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��,*

� �

also satis�es
AC2. By Prop.1(a), ��� � - � �$ 

�

�>��� ��� - �# 

�

. Then,since
� - �$ 

�

� � �

�

- �$ 

�

by Prop.1(a), therefore � �

� � - �$ 

�

�

� � � - �$ 

�

by Prop.1(b). Hence� � � - �:�$ 

�

�F� � � - �$ 

� 5

�F	 , so
+

�

satis�esAC2(a).
Now we show that it satis�esAC2(b) and(c). Take any
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�

� ,

*

�

and let 9

��8=�# 

�

. By Prop. 1(a),
���=- � 6 �$ 

�

� ��� � -76 �$ 

�

. Also by Prop.1(a), ��� � -76(�$ 

�

�

��� � -76 � �# 

�

, where 8

�

is the subsetof 8 on a directedpath
from

�

to � , and 9

�

� 8

�

�$ 

�

. Since� - �$ 

�

� � � -76

�

�# 

�

by
Prop.1(a), therefore� � � -76 �"�$ 

�

� � �=-76 �:�$ 

�

by Prop.1(b).
Hence ��� - � 6 �# 

�

� ��� -76 � �$ 

�

� 	 , so +

�

satis�esAC2(b)
andAC2(c).

Hencewe can always devise an intervention consisting
only of variableson a pathfrom

�

to � andvariablesin N

thatsatis�esAC2. Clearly, AC1 andAC3 arealsosatis�ed
in �)�

� �

 

�

. Hence,
�

� � is anactualcauseof � � 	 in
�#�

�7�

 

�

. Theconverseof this theoremis trivial.

Looking at Fig. 2, we seehow this cansubstantiallyre-
ducethenumberof nodesin thecausalnetwork (while not
increasingtheconnectivity). Noticethatsuchprojectioncan
be donebeforeattemptingany algorithm for determining
whether� is anactualcauseof 	 . Henceforth,unlessstated
otherwise,wewill implicitly assumethatouralgorithmsare
operatingon theW-projectionwith respectto thequery.

Brute-ForceApproach
Recallthat the taskof determiningwhetherAC2 holdscan
bedividedinto two stages:asearchthroughpossible+ , and
a searchthroughpossible8 . For thenext two sections,we
will focusonthe�rst stage,andassumethatwehaveablack
box to checkAC2(c).

There is a rather obvious brute-forcesearchalgorithm
throughthespaceof possible+ . For someorderingof the
variablesof our causalworld (excluding � ), we simply as-
signavalue(includingapossible”non-assignment”value � ,
indicatingthatthevariableisnotpartof * ) toeachvariable,
oneat a time, until all variableshave beenassignedvalues.
Thenwe checkto seewhetherAC2 is satis�ed by this + .
Here,we arelumping

�

into * , thusto checkAC2(a)and
(b), we simply checkthat �.- �# 

��5

� 	 and �.-
�

� �# 

�

� 	 ,
where +

�

is merely + with the settingfor
�

removed. If
AC2(a)and(b) hold, thenwe checkAC2(c)with our black
box. If this alsoholds,then � 3 	 . If not, we try another
settingof thevariables,until we �nd onethatsatis�esAC2
or until all possibilitiesareexhausted.

Theobviousdrawbackof this approachis thatit amounts
to abrute-forcesearchof atreewith depth���

:

andbranch-
ing factor ���

:

, where � is thenumberof variablesin the

Figure2: Demonstrationof W-Projection



causalnetwork (minusone,for � ), and � is thesizeof each
variabledomainin thenetwork (plusone,for � ) Here,weas-
sumefor simplicity thateachvariabledomainhasthesame
size.Thusthis searchtreehas �1�:� � �

:

��� �

leafnodes.
To checkwhetherany givenleafin thesearchtreesatis�es

AC2(a)and(b), wepotentiallyneedto calculatethevalueof
eachnodein ournetworkundertwo differentinterventions–
aswe have discussed,this taskis polynomialin thenumber
of endogenousvariables. Supposingnow that �1���

�

is the
worst-casecomplexity of thealgorithmto checkAC2(c),we
cansaythat theworst-caserunningtime of this brute-force
algorithmis �1��� ��� � � �

:

�

�

�

, for someconstant� .
One approachto pruning the brute-forcesearchtree is

basedon thefollowing theorem:

Theorem6 Let � bethecausalnetworkof recursivecausal
model � � � 8

�"90�:;=�

. Let  
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,
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�
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,
�

�

�

�16
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, 	
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. Suppose* 


9 K �

and that every path from
�

to � in � is blocked by some
variable in * . Thenfor any +

6
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0�$*

�

, � �

�

- �# 

�

�

� � - �$ 

�

. In otherwords,eitherAC2(a)or AC2(b)mustfail.
Furthermore, any *

�	�

* alsohasthis property.

Proof By Prop.1(a), �	�
�

-
�

�$ 

�

� �.-
�

�# 

�

� ���=-
�

�$ 

�

, for
any *

�
�

* , +

�
6


���
��,*

�
�

.

Theorem6 implies thatwe canpruneany subtreerooted
at node 
 from our searchtree,where 
 is any noderepre-
sentingapartialvariablesetting� for whicheverypathfrom

�

to � in thecausalnetwork containssomevariablesetby
� to a non- � value.

Thecostpernodeof determiningwhetherall pathsfrom
�

to � areblockedis simply thecostof adepth-�rst search
of thegraph,whichis linearin thenumberof networknodes.
Thusaddingthis pruningto our brute-forcealgorithmdoes
notaddany complexity to our asymptoticrunningtime.

The bene�t of this pruning will dependon the order in
whichwe assignvaluesto variables,andthis paperdoesnot
addressthis issue.

Inter vention-Proving Approach
Let us continueto treatAC2(c) asa black box, andexam-
ine a differentapproachto searchingthroughthe spaceof
possible+ . To determinewhetherAC2(a)and(b) aresatis-
�ed for query ��3�	 , we arelooking for some+ , suchthat

��� - �$ 

�

��	 and ���
�

- �$ 

� 5

� 	 for some�

� 5

� � . We can
actuallyencodepartof this goal into thesearchspaceitself.
For example,we could chooseto only searchthe spaceof
interventions+

�

suchthat �.-
�

�$ 

� 5

��	 . Thenfor eachin-
terventionof the form +

�

�I�

�

+ , we would needonly to
checkthat �

� -
� 	 .

We canthink of this as“proving” interventions+

�

such
that �.-

�
�$ 

� 5

�S	 in the causalmodel. We begin by sup-
posingthat �

5

� 	 , and work backwardsto prove which
interventionswould be consistentwith �

5

�>	 . Take, for
instance,theDesertTravelerformulation.Supposewe want
to determinewhether

�

�

:

is an actualcauseof � �

:

.
Supposethat �

5

�

:

. What are the possibleinstantiations
of � 's parentsin that case?In fact, the only possibility is

�@
 � @

�

�

� @

%

. It is easyto seethat underevery inter-
vention +

�

suchthat �.-
�

�# 

�"5

�

:

, it mustbe the casethat


 - � �$ 

�

� @ and
�

- � �$ 

�

�D@ . More importantly, our claim
is that �
� ��;=< >?��; �$ 

�	5

�

:

. Now let us take this new inter-
ventionwe haveproduced,andattemptto eliminate

�

from
it in thesameway. Noticethattheinterventionrequiresthat
condition

�

� @ will materialize. Thereare threefull in-
stantiationsof theparentsof

�

that force
�

's valueto be @ :
�

�

� @

�

�>�A@

%

, �

�

�

:

�

�S� @

%

, �

�

�

:

�

�S�

:

%

.
Thus, we can replace

�

�C@ with thesethree instantia-
tions to createthreenew interventions.Furthermore,if we
continuethis process(eliminatingthevariablesin a reverse
topologicalorder),asshown in Fig. 3, thenfor every inter-
vention +

�

we produce,�.-

�

�# 

� 5

�

:

.
A few observationsare in order. At certainpoints, it is

possibleto derive inconsistentinterventions.Theseareim-
mediatelythrown out (marked by X' s in the �gure). Also,
eachlevel of the treecanbe thoughtof as“eliminating” a
singlevariablein themannerdescribedabove. However, at
eachlevel, we mayalsochoosenot to eliminatethevariable
(indicatedby therightmostchild of eachnode).

Oncewe havederiveda numberof interventions+

�

such
that �.-

�

�$ 

� 5

� 	 , we simply take theonesof theform +

�

�

�

�

+ , andcheckto seeif ���=- � 	 andAC2(c)aresatis�ed.
The relevant interventionsarecircled in the �gure. Notice
thattheintervention �

�

��@

�

�

� @

%

is discovered.
The pseudocodefor the generalintervention-proving al-

gorithmis presentedin Figure4. NoticethatFigure3 does
not correspondexactly to the treesearchedby Figure4, in
the sensethat if we chooseto keepthe settingfor variable

�-���

�

atdepth� of thetree,wedonotactuallygenerateadu-
plicateinterventionatdepth � �

:

. Instead,wemerelykeep
trackof our ”virtual depth” in the treethat ensuresthatwe
only eliminatevariablesin reversetopologicalorder.

It is clearthatif theintervention-provingsearchtreegen-
eratesevery intervention +

�

suchthat �.-
�

�# 

� 5

� 	 , andno
intervention +

�

suchthat �.-
�

�$ 

�

��	 , thenthis algorithm
will work correctly. Indeed,wecanprovehalf of this.

Lemma 7 For every intervention +

�

found by
� �$�:�#�

�

 

� �

�

�

	

�

, �.-
�

�# 

�&5

�F	 .

Proof sketch For a node � in the � � searchtree, de�ne
+L� �

�

astheinterventionthat � represents.It canbeproven
by inductionthatif +L� �

�

setsvariable
�

to � , thenfor any
descendant
 of � in the � � searchtree,wehave

�

-������

�

� . Thus,sincetheroot of the � � searchtreegeneratesonly

Figure3: Intervention-Proving SearchTree for the Desert
TravelerScenario(query: �

�

�

:

�

3��7� �

:

�

)



Algorithm IP(CausalWorld (M, ), Cause X=x, Effect Y=y):
1. Let M’ be the W-projection of (M,) wrt x y.
2. Let I(n) be a reverse topological order of the

endogenous variables of M’ such that Y=I(0).
3. For all interventions y’ such that y’ y:

- if(IPTreeWalk(y’, 0) == true) then return true.
4. Return false.

bool IPTreeWalk( Intervention ’, int treedepth):
1. If ’ is of the form x’ , then check that Y( ) = y.

If so, then check that satisfies AC2(c).  If so, then
return true.

2. For every (single) variable assignment V=v in’
such that V X, V=I(k) for k >= treedepth:
3. For every full instantiation of V’s parents such

that F( ) = v:
4. ( ’ \ v) .
5. If is internally consistent, then return true

if IPTreeWalk( , k) returns true
6. Return false.

u
u

w
w w u

w

w

p
p

w w
w

w
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xw
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¹
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Figure4: Pseudocodefor theIP Algorithm

nodescorrespondingto interventionsof the form �H�>	

�

suchthat 	

�
5

� 	 , Lem.7 followsasasimplecorollary.

Although it is not the casethat � � generatesevery in-
tervention +

�

suchthat �
-

�:�$ 

��5

� 	 , we cannevertheless
characterizetheinterventionsthatit produces.

Lemma 8 � �$�:�#�

�

 

�+�

�

�

	

�

�nds only interventions +

�

subjectto thefollowing two conditions:
(a) *

�

containsa nodeoneverypathfroma rootnodeto �

in theendogenouscausalnetworkof �

(b) If *

� K

�

�D%

containsa nodeoneverypathfromvariable
�

to � , then
��5 6

*

�

.

Proof sketch The proof is a straightforward induction on
thedepthof the � � searchtree.

Lemma 9 � �$�:�#�

�

 

�+�

�

�

	

�

�nds every intervention +

�

such that �.-
�

�# 

�	5

� 	 , subjectto conditions(a) and (b) of
Lem.8.

Proof sketch For node � in the � � searchtree, de�ne
+L� �

�

astheinterventionthat � represents.De�ne * � �

�

asthe setof endogenousvariables�x ed by +L� �

�

. Let +

�

beaninterventionsatisfyingtheconditionsof thelemma.
Let �$� �

�

bethefollowing proposition:“At depth� of the
� � searchtree,thereexistsa node � suchthat for all

� 6

� �&���

�

C ��� � � �

:

%

, we have: (i)
� 56

*

��� � 56

* � �

�

,
(ii)

� 6

*

��� ��6

* � �

�

, (iii) �

� 6

* � �

� ���

-
�

�$ 

�=6

+L� �

�

.” �$���

�

canbeprovenby inductionon � . From this
result,the lemmaimmediatelyfollows,sinceit implies that
at depth� �

:

of the � � searchtree, � � will �nd a node �

suchthat +L� �

�

��+

�

.

Fromtheselemmas,wecanprovethecorrectnessof � � .

Theorem10 � � returnsasoutput“ � 3F	 ” iff �(3F	 .

Proof From Lem. 7, it is clear that � � returns“ � 3 	 ”
only if � 3 	 , since � � only �nds interventionsthatsatisfy
AC2(a),thenchecksto seeif they satisfyAC2(b)and(c).

Now supposethat � 3 	 . Thenthereis someintervention
�

�

+ thatsatis�esAC2. Now considerthesetof root nodes

G � � �

4

C �

4 56

*

,

�

� % %

in theendogenouscausalnet-
work. Createa new intervention �

�

+
	 , where 	0� GJ�$ 

�

.
Noticethatsince G areroot nodes,G��$ 

�

� G �

�

- �# 

�

, thus
this new interventionmustalsosatisfyAC2. Now consider
any node 


6

*

,

O for which every pathfrom 
 to �

containssomenodein *

K

� 


%

. Notice that the value of
� is thereforeindependentof thevalueof 
 , andhencewe
canremove 
 from our interventionandthis new interven-
tion will still satisfyAC2. Thuswe canalwayscreatea new
interventionthatsatis�esAC2andalsosatis�esthetwo con-
ditionsspeci�ed in Lem.8. Henceby Lem.9, � � will �nd
this intervention,andreturn“ � 3 	 ”.

Therunningtimeof thisalgorithmwill varysubstantially,
dependingon the topologyandquanti�cation of the causal
network,but wecansaywith certaintythatin theworst-case,

� � generatesnomorenodesthanthebrute-forcesearchtree
of theprevioussection.

Theorem11 Thesearch treegeneratedby � � containsno
duplicatenodes,i.e. no two nodesthat representthe same
intervention.

Proof sketch Proofby contradiction.Assumethatthereare
two distinctnodes
 and � in the � � searchtreethatrepre-
sentthesameintervention. Let � be thecommonancestor
of 
 and � , andlet 
 and

�

bethechildrenof � onthepath
to 
 and � , respectively. Thenit canbeshown that 
 and

�

mustdiffer onthevalueof at leastonevariablesetin their
respective interventions,andthat this differencepropagates
down to 
 and � . Hence
 and � mustrepresentdifferent
interventions.

Since the tree generatedby � � containsno duplicate
nodes,� � generatesasympototicallynomorenodesthanthe
brute-forcesearchtree,sincethattreecontainsnodesrepre-
sentingevery possibleintervention,andthe � � searchtree
containsonly a subsetof possibleinterventions(note that
in addition, � � generatesa certainnumberof inconsistent
nodes,thenimmediatelythrowsthemaway; thisaddsonly a
constantamountof work pernode,andthusdoesnot impact
asymptoticrunning time). We cancharacterizethe worst-
casenumberof nodesthat � � will generatein termsof the
sizeof thesubsetof interventionsthatit generates.De�ne 


asthesubsetof interventions+

�

suchthat �
-

�
�# 

� 5

� 	 and
+

�

satis�es the conditionsspeci�ed in Lem. 8. Thenfrom
Lem.8, � � generatesC 
=C nodesin theworst-case.

Foreachnode,weneedto checkthatAC2(b)holds,which
aswe have seen,is polynomial in the numberof nodes�

in the causalnetwork. We alsoneedto examineevery ta-
ble entry for the variablewe are eliminating, in order to
generatethe childrenof the node. This takes �1� �

�

�

time,
where � is the maximum size of the domain of the net-
work variablesand � is the maximumnumberof parents
per node. We will assumethat the numberof parentsper
nodeis boundedby a constant,asis the maximumsizeof
the domainof the network variables.Hence �

�

becomesa
constant.OnceagainsupposingthatcheckingAC2(c)takes

�1� �

�

time, we cansaythat theworst-caseasymptoticrun-
ning timeof � � is �1� �

�

� �

�

C 
=C

�

� �1��� �

�

C 
=C

�

Borrowing
from theresultswe derivedin theprevioussection,we can



say that �1� ���

�

C 
=C

�

� �1��� �

�

� � �

:

� � �

. It is not clear
how much tighter a bound �1��� �

�

C 
=C

�

is, comparedwith
�1� ���

�

� � �

:

� � �

. Experimentalresults,however, suggest
thatthedifferenceis quitesigni�cant.

CheckingAC2(c)
Oncewe �nd an intervention + that satis�es AC2(a) and
AC2(b), we then face the challengeof checkingwhether
AC2(c)is alsosatis�edby + . To do this,we needto search
throughthe spaceof possible 8 . For each 8 , we needto
checkthat �	� -76 �F	 , where 9

� 8=�# 

�

.
For a particular 8 , it is not dif�cult to checkthis. We

merelyneedto computethe valueof � underan interven-
tion, whichcanbedonein polynomialtime. Theproblemis
that if 8

> representsthesetof variablesthatarecandidates
for inclusionin 8 , thenthereare �

� �����

possible8 .
Thus,onecritical issueis to limit thesizeof 8

> , thecan-
didatesetfor 8 . Unfortunately, thede�nition itself speci�es
that 8

> containsevery variablein the causalworld that is
not

�

, � , or amemberof * . Fortunately, wecandobetter.

Theorem12 De�ne � 3

�

	 similarly to � 3 	 , exceptwith
AC2(c)replacedby thefollowing:

AC2(c)
�

: �����	� �$ 

�

� 	 , for all 8D
 8

> such that 9

�

8=�# 

�

and 8

>

� �

�H6�9LK

�

� ,

*

�

C

�

appears on
oneor more directedpathsfrom

�

to � in thecausal
networkof � thatdonot containa memberof *

%

.

Then�(3

�

	 iff � 3 	 .

Proof Suppose� 3

�

	 . Thenthereexistssomeintervention
�

�

+ thatsatis�esthemodi�ed versionof AC2. Considerthe
set 8�
M���

9LK

� �

�M%R,

*

�"�:K

8

> . For all �

6

8�
 , either *

interceptsall pathsfrom � to � in the endogenouscausal
network of � , or * interceptsall pathsfrom

�

to � (oth-
erwise �

6

8

> ). Thusde�ne 8

A�
 as ���

6

8�
�C * inter-
ceptsall pathsfrom

�

to �

%

, and 8


	
 as 8



K

8

A�
 . Create
a new intervention �

�

+ 8

A�


�

�

-

�# 

�

. We wantto show thatthis
new interventionsatis�estheoriginal versionof AC2.

Since by Prop. 1(b) �

�
�

-

�����

�

���

��� �

�$ 

�

� ���
�

- �$ 

� 5

�

	 , clearly AC2(a) is satis�ed. Using Prop. 1(a) and
(b), �

� -

�����

�

�
�

��� �

�$ 

�

� �

� -

�

���

�

�

��� �

�$ 

�

� ���=- �$ 

�

�

	 , so AC2(b) is also satis�ed. Finally, take any
8 
 �

9 K

� �

�M%D,

*

,

8

A�


�:�

. �

� -

�����

�

�
�

��� �

�

��� �

�$ 

�

�

�

� -

�����

�

�
�

��� �

�

�
��� �

�# 

�

, where 8

�

is 8 with all membersof

8


�
 removed(by Prop.1(a), since * interceptsall paths
from thesevariablesto � ). Furthermore,usingProp.1(a)
and (b), �

�=-

���	�

�

�
�

��� �

�

�
��� �

�# 

�

� �

�=-

�

���

�

�

��� �

�

�

��� �

�$ 

�

�

�

� -

�

�

��� �

�# 

�

� 	 , soAC2(c)is satis�ed.
Hence�(3

�

	$)S� 3 	 . Theconverseis trivial.

Giventhis result,we canconstructa binarysearchtreeto
checkAC2(c)in thefollowing manner:for a givenordering
of thevariablesin 8

> , assigneachvariableto eitherbe in-
cludedin 8 or to not be includedin 8 . The leavesof such
a treewill thenbethepossible8 we needto check.Hence,
wecanapplyasimpledfs,andwheneverwehit a leaf,check
thatthe 8 representedby theleaf is consistentwith AC2(c).

If not, thenAC2(c) fails. If all leavesare consistentwith
AC2(c),thenAC2(c)holds.

Wecande�ne thevalueof thissearchtreeas1 if all leaves
areconsistentwith AC2(c),and0 otherwise.Thesearchtree
canbepruned,by useof thefollowing theorem:
Theorem13 Let � bea nodeof this search tree. � repre-
sentsthechoiceofa certainsubset8=� �

�

of 8

> for inclusion
in 8 . If there existsa variable

� 6

8�� such that everypath
from

�

to � in thecausalnetworkis blockedbysomeother
variable in 8=� �

�

, thenthesubtreerootedat this nodecan
beprunedfromthesearch treewith no change to thevalue
of thetree.
Proof Supposethat thereis some 8 suchthat 8=� �

�


�8

andsuchthat �

� -

�

��� �

�$ 

� 5

� 	 . If we have variable
� 6

8=� �

�

for whicheverypathfrom
�

to � is blockedby some
othervariablein 8 � �

�

, thenby Prop.1(a), �

� -

�

��� �

�$ 

�

�

�

�=-��

����� �"!

� ��� �

�$ 

�

. Hencethereexistsa 8

�

in anothersub-
treeof thesearchtreethatalsoviolatesAC2(c).Thuswecan
prunethesubtreerootedat � with no changeto theoverall
valueof thetree.

This paper does not addresswhich variable ordering
heuristicscanhelpto maximizetheimpactof suchpruning.

RestrictedForms
So far, we have outlinedonly completestrategies for han-
dling thegeneralproblemof determining� 3 	 . In thissec-
tion, we considerwhetherwe candevelopbetteralgorithms
for restrictedformsof theproblem.

(Nebel1996)statesthat intuitively speaking,a problem
in

� ��

suggeststwo sourcesof complexity. We have identi-
�ed thesesourcesasthesearchfor + andthesearchfor 8 .
In order to achieve a polynomial-timealgorithmfor actual
cause,wewouldneedto eliminatebothsourcesof complex-
ity. Unfortunately, to do so,we would likely be restricting
theproblemto suchanextentasto renderthesolutionuse-
lessin practice.Nevertheless,wecantry to eliminateoneof
thesourcesof complexity to improvethespeedof our algo-
rithm (althoughthealgorithmwill still beexponential-time).

Onemethodof doingsotakesadvantageof thefollowing
resultfrom (Eiter& Lukasiewicz 2001):
Theorem14 Let � be a causalworld for which all vari-
ablesarebinary. Supposefor a given �

�

�

�

+ , AC1,AC2(a),
and AC2(b) hold. ThenAC2(c) holds iff �

�
-76(�# 

�

� � ,
where 9

�D8=�# 

�

and 8 �

9 K

� �

,

*

�

.
In otherwords,undera binary causalworld, thereis no

needto searchthroughthe spaceof possible8 . It is suf�-
cientto simplychecktheset

9 K

� �

�M%P,

*

�

. This amounts
tocheckingthevalueof � underasingleintervention,which
as we have noted, takes polynomial time. Thus we can
replaceour exponential-timeAC2(c) checkwith a simple
polynomial-timecheck.Hencetheasymptoticrunningtime
of � � becomes�1� �

�

C 
 C

�

, whereasthemoregeneralproce-
durerequires�1�#�

� ���$�

�

�

C 
=C

�

.

Experimental Results
To test the algorithmsoutlinedin this paper, we generated
randomcausalworldsthroughthefollowing process:



1. We generateda randomDAG over � variablesby adding
an edgefrom variable � to variable � , � ��� with proba-
bility ��� . We alsolimited thenumberof parentsallowed
pernodeat � .

2. Wequanti�edthetablefor variable
�

by randomlychoos-
ing thevalueof eachtableentryfrom a uniform distribu-
tion over thedomain(of size 
 ) of

�

.

Let
� �

be variable1, and let �

�

�

� �

�$ 

�

. Let
�-#

be
variable� , andlet �

#

�

� #

�$ 

�

. Thequeryto ouralgorithms
was�

�

3 �

#

. Notethat
� �

is arootof theendogenouscausal
network, and

�-#

is a leaf.
We �rst testedthe averagesizeof the W-projectionof a

randomlygeneratedcausalworld. We generated2000ran-
domnetworksby theprocessdescribedabove(with � ��� ,


 � � ), then prunedeachwith regard to �

�

3 �

#

. The
averagedresultsarepresentedin Table1. Suchpruningcan
providedramaticresultsfor lowervaluesof ��� .

We then implementedthreealgorithms: the brute-force
algorithm, the samealgorithm with the tree pruning de-
scribed by Thm. 6, and the � � algorithm. Each used
the CheckAC2c procedurewith the pruning describedby
Thm. 13. For the brute-forcealgorithm with pruning, we
usedan arbitrary topologicalorder of the causalnetwork
variablesas our variable ordering. To comparetheseal-
gorithms, we generated5000 randomcausalworlds over
25 variablesby the processdescribedabove with ��� �

�

:
	

�

� ���

�

and 
 ��� . Then we computedthe W-
projectionof eachworld with respectto query � 3�	 . Fi-
nally, weraneachalgorithmontheW-projections(onaSun
Ultra 10 workstation). The resultsare presentedin Table
2, where � is thenumberof variablesin the W-projection
(hence�
� �

	

). Wedisplayonly valuesof � from 2 to 18.
Clearly, � � enjoysa considerableadvantageover thebrute-
forceapproachwith pruning.Observe thattheaveragetime
to generateeachnodeseemsto belargerfor � � thanfor the
brute-forcealgorithms(by a factorof about2 or 3). Still,
thesavingsthat � � providesin termsof thetotal numberof
generatednodeseasilymakesupfor thiscost.Moreover, the
performanceof � � on binaryworldsshows anevengreater
contrast,with meanexecutiontimeof 40secondsand20000
generatednodeson18-nodeW-projections.

Conclusions
In this paper, we have presentedbasicalgorithmsfor deter-
mining actualcauseaccordingto thede�nition presentedin
(Halpern& Pearl2001). First, we presenteda methodof

���

Nodesin Avg nodesin
originalnetwork W-projection

.1 10 2.27
20 3.32
30 5.29

.3 10 5.14
20 13.16
30 22.76

Table1: W-ProjectionSize(avg of 2000nets)

N BruteForce BF w/ Pruning IP
Avg Avg Avg Avg Avg Avg

nodes ��� nodes ��� nodes ���

gen. (sec) gen. (sec) gen. (sec)
2 1 � 1 1 � 1 1 � 1
3 4 � 1 4 � 1 3 � 1
4 22 � 1 15 � 1 7 � 1
5 91 � 1 53 � 1 18 � 1
6 304 � 1 127 � 1 24 � 1
7 1416 � 1 484 � 1 51 � 1
8 5413 1 1253 � 1 106 � 1
9 19692 4 3963 � 1 199 � 1

10 81490 18 15283 3 406 � 1
11 - - 52142 14 851 � 1
12 - - - - 1767 1
13 - - - - 3453 2
14 - - - - 7539 5
15 - - - - 19119 16
16 - - - - 40924 38
17 - - - - 76207 81
18 - - - - 248152 272

Table2: Algorithm PerformanceComparison

reducingtheproblemsizeby projectinga causalworld onto
a reducedsetof (query-dependent)variables.Then,we ex-
ploredtwo approachesto solving the problemanddevised
proven methodsof pruning the searchspace. The second
attempt,the intervention-proving approach,achievedsupe-
rior experimentalresults.Finally, we consideredthetaskof
deriving algorithmsfor restrictedformsof theproblem,and
showedhow the � � algorithmcouldbeadaptedto runmore
ef�ciently for binarycausalworlds.
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