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Abstract

In this paper we study the problem of determiningactual
cause®f eventsin speci c scenarioshasednade nition of
actualcauseproposecdy HalpernandPearl. To this end,we
explore two differentsearch-basedpproachesenrichthem
with admissiblgaruningtechniquesindcomparehemexper
imentally We alsoconsiderthe taskof designingalgorithms
for restrictedformsof the problem.

Intr oduction

Recently therehasbeena renaved interestin establishing
a precisede nition of event-to-eentcausationsometimes
referredto as”actual causé€. Although a de niti ve answer
hasbeenelusive, mary proposal$ave shovn promise.This

paperfocuseson ade nition proposedy (Halpern& Pearl

2001),andspeci cally seeksto nd anefcient algorithm

to determinewhetherone event causesanothereventunder
thisde nition.

Compleity resultsby (Eiter & Lukasiavicz 2001) have
shawvn that in general,the problem of determiningactual
causeunderthis de nition is  -complete.Therefore this
paperproposesand evaluatessearch-basedtratayies, for
boththe completeandrestrictedforms of the problem. We
are not aware of ary other attemptsmadeto addresshis
problemfrom analgorithmicperspectie.

Dueto limited spacewe provide only proof sketchedor
someresults.Full proofsareavailablein (Hopkins2002b).

Formal Description of the Problem

This paperaddresseshe issueof how to detectwhether
someevent A causedanotherevent B, basedon a causal
model-basede nition proposedn (Halpern& Pearl2001).
Intuitively, the overarchinggoalis to answercausalqueries
regardinga fully speci ed story, and more ambitiously to
generateexplanationsautomatically in responsdo “why”

guestionsAn examplethatillustratessomeof the complex-
ities of sucha taskis called The DesertTraveler, a story
inspiredby Patrick Suppesandfeaturedn (Pearl2000).

Example A deserttraveler hastwo enemies.Enemy1
poisons 's canteenand Enemy2, unawvareof Enemy1l's
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action,shootsand emptiesthe canteerbefore drinks. A
weeklater, is founddeadandthe two enemiesconfesgo
actionandintention. A jury mustdecidewhoseactionwas
theactualcauseof 'sdeath.

Here,thetaskis to determinewhetherEnemy1's action
or Enemy2'sactionwastheactualcauseof ‘'sdeath.(Pearl
2000)phraseshe generalquestionin the languageof struc-
tural causaimodels.

Beforeproceedindo formalizations)et usestablisrsome
preliminaries.We will generallyuseuppercasdetters(e.g.

, ) torepresentandonvariablesandthelower-casecor
respondenfe.g. , ) torepresent particularvalueof that
variable. will denotehedomainof arandonvari-
able . Wewill usebold-faceuppercasdetterstorepresent
a setof randomvariables(e.g. , ). Thelower-casecor
respondenfe.g. , ) will represent valuefor the corre-
spondingset. Speci cally, for , avalue
would beamapping
suchthat
possiblevaluesfor

Formally, a causalmodelis atriple , in which

isa nite setof exogenousandomvariables, isa nite
setof endogenousandomvariables(disjoint from ), and

is the setof all

where  is afunction
thatassignsavalueto  for eachsettingof the
remainingvariablesin the model . For
each ,wecande ne , theparentsetof , to bethe
setof variablesin  thatcanaffectthevalueof (i.e. are

non-trivial algumentof ).

Causalmodelscan be depictedas a causal network a
graphwhosenodescorrespondo thevariablesn with
anedgefrom to if andonly if . Theen-
dogenouscausalnetworkis de ned similarly, but overonly
thevariablesn . Recusivecausalmodelsarecausamod-
els whosecausalnetworks are directedacgyclic graphs. In
this paper we restrictour analysisto recursve causaimod-
els (following the analysisof (Halpern& Pearl2001) and
(Eiter & Lukasiavicz 2001)).

We will further assumeahatthe domainof eachrandom
variableis nite andexplicit, that each is computable
in polynomialtime, andthat the numberof parentsfor ary
particularvariableis boundeddy a constant.

Example In Fig. 1, we seethe DesertTravelerscenaricex-
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Figurel: Causaimodelfor the DesertTravelerscenario All
variablesare propositional. ; ; ;

pressedisarecursve causalmodel. Here,

and . All variablesare propositional,
with valuel indicatingatrue proposition,andvalueO indi-
catingthatthe propositionis false.

An importantaspectof causalmodelsis their ability to
storecounterfictualinformation. We can expresscounter
factualcontingenciegshroughthe useof submodels.Intu-
itively, a submodel x esthe valuesof a setof endogenous
variables at . Consequentlythe valuesof the remain-
ing variablesrepresentwhat valuesthey would have had
if  hadbeen in the original model. Formally, givena
causalmodel , , ,
the submodebf  underintervention is =

, Where
and aretypically abbrevi-
ated and .

In arecursve causalmodel, the valuesof the exogenous
variablesuniguely determinethe valuesof the endogenous
variables. Hencefor a causalmodel and
a setof endogenousariables we canreferto the
uniquevalueof  under as (or sim-
ply ). We cande ne analogouslyfor a sub-
model (and abbreviate it ). Sincewe are deal-
ing with the issueof determiningactualcausein a fully-
speci ed scenario this amountsto askingcausalquestions
in a causalmodel for which the valuesof the exogenous
variablesaregiven. For causaimodel and

, wereferto thepair asacausalworld.

The following propertiesof recursve causalmodels,es-

tablishedn (Pearl2000),will beuseful:

Proposition1 Let be a recussive causal

model. Let , , '
, . Thenthefollowing propertieshold:
€) for any if all directed
pathsfrom to in thecausalnetworkof arein-
terceptedby
(b) if

Equippedwith this backgroundwe cannow proceedto
de ne actualcause:

De nition 2 Let be a causalmodel. Let
, . is an actualcauseof
(denoted ) in a causalworld if the following

threeconditionshold:
(AC1) and

(AC2)Therexists andvalues
and sud that:
(a)
(b) :
(c) , for all sud that

(AC3) is minimal; no subsetof satis esconditions
AClandAC2.

Intuitively, isanactualcauseof if (AC1) and are
the“actualvalues”of and (i.e.thevaluesof and
underno intervention),and (AC2) undersomecounterfic-
tualcontingeng , thevalueof isdependentn |, such
thatsetting to its actualvaluewill ensurethat main-
tainsits “actual value’ evenif we force all othervariables
in themodelbackto their “actualvalues. (AC3)is asimple
minimality condition.

Example In the DesertTravelerexample,we seethat
(shootingthe canteen)s indeedanactualcauseof
(death),since , , ,
. Notice

and . Here,our is
alsothat is not an actualcauseof underthis
de nition.

The questionthatthis paperaddressess: givena causal
world , how canwe efciently determinewhether
is anactualcauseof ? Unfortunatelyit turnsout thatthis
problemis  -complete(Eiter & Lukasievicz 2001).

Becauseof this, we focuson searchstrat@iesfor deter
mining actualcause. For simplicity, we will be restricting
our examinationto single variable causationj.e. whether

causes , for . Thisrestrictionis par
tially justi ed by thefollowing theoremprovenin (Eiter &
Lukasievicz 2001),andindependentlyn (Hopkins2002a):

Theorem3 Let be a causalmodel. Let
and , . f
under ,then isasingleton.

This theoremestablisheghat ary candidatecausethat
containsmultiple variableswill inevitably violate the min-
imality requiremenbf the actualcausede nition. Thuswe
may restrictour focusto singletoncauses.

We alsodo not considerour effect to be a Booleancon-

junctionof primitive events , since isanac-
tual causeof iff is anactualcause
of and is an actualcauseof . Thus

ary algorithmthat determinesactualcausebetweenprimi-
tive eventscanimmediatelybe appliedin the moregeneral
casethroughrepeatedpplicationsof thealgorithm.
Thus, let us considerthe task of determiningwhether
holdsin a given causalorld. The rst thingto no-
ticeis thatcheckingAC1 andAC3 areeasytasks.To check
AC1, we merely needto checkthe value of two different
randomvariablesundera single intervention (speci cally,
the null intervention). We cancomputethe value of every
randomvariablein a causalworld undera singleinterven-
tionin polynomialtime, by thefollowing simpleprocedure:
chooseavariablefor whomthevaluesof the parentsarede-
termined thencomputethe valuefor thatvariable;continue



until valuesfor all variablesarecomputed Clearly, this pro-
cedurds alwaysexecutablén arecursvecausaivorld. AC3
is trivial, in light of Thm. 3.

Thedif culty liesin checkingwhetheror not AC2 holds.
Theremainderf this paperdealswith stratgiesfor decid-
ing this. We shouldpoint out that the task of determining
whetherAC2 holdsboils down to searcheshroughtwo dif-
ferentsearchspaces:

1. A searchthroughpossible . The top-level taskis to
nd a setof variables , anda particularvalue
thatsatis esall threeconstraintof AC2.

2. A searchthroughpossible . Noticethatfor a given ,
AC2(a)and AC2(b) canbe checled in polynomialtime
(sinceeachmerelyrequiresusto computethe valueof a
variableunderasingleintervention).However, AC2(c)is
moreinvolved. It requiresusto checkthatthereis no set

suchthat , Where . Herewe are
searchindor asetof variablesratherthanfor aparticular
valuefor a setof variablesasin the searchfor

Algorithm-Independent Optimizations

Naturally we would like to reducethe size of thesesearch
spacessmuchaspossible.To thisend,we de ne thenotion
of the projectionof a causalworld.

De nition 4 Let be a recusive causal
model. Supposeve havea causalworld suc that
. To deletea variable  from ,
isremwedfrom , andthestructual equation  of eath
child of is replacedwith , Whee .
The projectionof over variables isa
new causalmodelin which are deleted
from . The W-projectionof with respectto
is the projectionof over , ,thevariables
onapathfrom to inthecausalnetworkof
andthe parentsof and in thecausalnetworkof

Intuitively, deletinga variablegivesus the sameresultas
permanentlyxing it atits actualvalue. Now we canprove
that the questionof whether is an actualcauseof in

depend®nly onthepathsthatconnect to inthe
causahetwork of , andthe nodeswhichin uence nodes
onthesepaths(i.e. theW-projection).All othernodeseither
donotin uence'Y, or do sothrougha parentof anodeon a
path,andcanbesafelyignored.

Theorem5 Let be a recursive causal

modeland supposene havea causalworld . Then
in iff in , Where is the
W-projectionof
Proof Suppose in . Thenwe musthave
, , and suchthat AC2
is satis ed. Now considertheset of variableswhich are
parentgovariableonapathfrom to (exceptparentof
), butarenotthemselesonapathfrom to . Suppose

. De ne astheunionof  with the subset
of  onadirectedpathfrom to ,anddene such
that for and for

We will shav that this also satis es
AC2. By Prop.1(a), . Then,since

by Prop. 1(a), therefore
by Prop.1(b). Hence , SO

satis esAC2(a).

Now we shaw thatit satis esAC2(b)and(c). Take ary
and let By Prop. 1(a),

. Also by Prop.1(a),

, where is thesubsetof on adirectedpath
from to ,and . Since by
Prop.1(a),therefore by Prop.1(b).
Hence , S0  satis esAC2(b)

andAC2(c).

Hencewe can always devise an intervention consisting
only of variablesonapathfrom to andvariablesin
thatsatis esAC2. Clearlyy AC1 andAC3 arealsosatis ed
in . Hence, is anactualcauseof in

. Thecorverseof thistheoremis trivial. ]

Looking at Fig. 2, we seehow this cansubstantiallyre-
ducethe numberof nodesin the causalnetwork (while not
increasingheconnectvity). Noticethatsuchprojectioncan
be done before attemptingany algorithm for determining
whether is anactualcauseof . Henceforthunlessstated
otherwisewe will implicitly assumehatouralgorithmsare
operatingon the W-projectionwith respecto the query

Brute-Force Approach

Recallthat the task of determiningwhetherAC2 holdscan
bedividedinto two stagesa searctthroughpossible , and
a searchthroughpossible . For the next two sectionswe
will focusonthe rst stageandassumehatwe have ablack
boxto checkAC2(c).

Thereis a rather obvious brute-forcesearchalgorithm
throughthe spaceof possible . For someorderingof the
variablesof our causalorld (excluding ), we simply as-
signavalue(includingapossible’'non-assignmentvalue
indicatingthatthevariableis notpartof ) toeachvariable,
oneatatime, until all variableshave beenassignedralues.
Thenwe checkto seewhetherAC2 is satis ed by this .
Here,wearelumping into ,thusto checkAC2(a)and
(b), we simply checkthat and ,
where is merely with the settingfor  removed. If
AC2(a)and(b) hold, thenwe checkAC2(c)with our black
box. If this alsoholds,then . If not, we try another
settingof the variablesuntil we nd onethatsatis esAC2
or until all possibilitiesareexhausted.

The obviousdrawbackof this approachs thatit amounts
to abrute-forcesearctof atreewith depth andbranch-
ing factor , Where is thenumberof variablesin the

o -projection
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O

Figure2: Demonstratiorof W-Projection



causahnetwork (minusone,for ), and isthesizeof each
variabledomainin thenetwork (plusone.for ) Here,weas-
sumefor simplicity thateachvariabledomainhasthe same
size.Thusthis searchireehas leafnodes.

To checkwhetherary givenleafin thesearchreesatis es
AC2(a)and(b), we potentiallyneedto calculatethe valueof
eachnodein our network undertwo differentinterventions-
aswe have discussedthis taskis polynomialin the number
of endogenousariables. Supposingnow that is the
worst-caseompleity of thealgorithmto checkAC2(c),we
cansaythatthe worst-caseunningtime of this brute-force
algorithmis , for someconstant .

One approachto pruning the brute-forcesearchtree is
basedn thefollowing theorem:

Theorem6 Let bethecausalnetworkofrecursivecausal
model . Let , ,
, . Suppose
andthateverypathfrom to in s blockedbysome
variablein . Thenfor any ,
. In otherwords, either AC2(a) or AC2(b) mustfail.
Furthermoe, any alsohasthis property

Proof By Prop.1(a), , for
ary , . |
Theorem6 impliesthatwe canpruneary subtreerooted
atnode from our searchiree,where is ary noderepre-
sentinga partialvariablesetting for which every pathfrom
to in thecausalnetwork containssomevariablesetby
toanon- value.
The costpernodeof determiningwhetherall pathsfrom
to areblockedis simplythe costof adepth- rstsearch
of thegraph,whichis linearin thenumberof network nodes.
Thusaddingthis pruningto our brute-forcealgorithmdoes
notaddany compleity to our asymptoticunningtime.
The bene t of this pruningwill dependon the orderin
whichwe assigrnvaluesto variables andthis paperdoesnot
addresshisissue.

Inter vention-Proving Approach

Let us continueto treatAC2(c) asa black box, and exam-
ine a differentapproachto searchinghroughthe spaceof
possible . To determinevhetherAC2(a)and(b) aresatis-
ed for query , we arelooking for some , suchthat

and for some . We can
actuallyencodepartof this goalinto the searchspacetself.
For example,we could chooseto only searchthe spaceof
interventions  suchthat . Thenfor eachin-
terventionof the form , we would needonly to

checkthat

We canthink of this as“proving” interventions  such
that in the causalmodel. We begin by sup-
posingthat , andwork backwardsto prove which

interventionswould be consistentwith . Take, for
instancethe DesertTravelerformulation. Supposave want
to determinewhether is an actualcauseof
Supposehat
of 'sparentsin thatcase?In fact, the only possibility is
. It is easyto seethatunderevery inter

vention  suchthat , it mustbe the casethat

. What arethe possibleinstantiations

and . More importantly our claim
is that . Now let us take this new inter-
ventionwe have producedandattemptto eliminate  from
it in thesameway. Noticethattheinterventionrequireshat
condition will materialize. Thereare threefull in-
stantiationof the parentof thatforce 'svaluetobe :

Thus, we can replace with thesethreeinstantia-
tionsto createthreenew interventions. Furthermorejf we
continuethis procesqeliminatingthe variablesin areverse
topologicalorder),asshown in Fig. 3, thenfor every inter-
vention  we produce, .

A few obsenationsarein order At certainpoints,it is
possibleto derive inconsisteninterventions. Theseareim-
mediatelythrowvn out (marked by X's in the gure). Also,
eachlevel of the tree canbe thoughtof as“eliminating” a
singlevariablein the mannerdescribedabore. However, at
eachlevel, we mayalsochoosenot to eliminatethevariable
(indicatedby therightmostchild of eachnode).

Oncewe have deriveda numberof interventions  such
that , we simply take the onesof the form

, andcheckto seeif andAC2(c)aresatis ed.
The relevantinterventionsare circledin the gure. Notice
thattheintervention is discovered.

The pseudocodéor the generalintervention-praving al-
gorithmis presentedn Figure4. Noticethat Figure3 does
not correspondxactly to the treesearchedy Figure4, in
the sensethatif we chooseto keepthe settingfor variable

atdepth of thetree,we donotactuallygenerate du-
plicateinterventionatdepth . Insteadwe merelykeep
track of our "virtual depth”in the treethat ensureghatwe
only eliminatevariablesn reversetopologicalorder

It is clearthatif theintervention-praiing searcttreegen-
eratesevery intervention  suchthat , andno
intervention  suchthat , thenthis algorithm
will work correctly Indeedwe canprove half of this.

Lemma?7 For every intervention

found by

Proof sketch For a node
astheinterventionthat
by inductionthatif
descendant of inthe
. Thus,sincetheroot of the

in the searchtree, de ne
representslt canbeproven
setsvariable to , thenfor ary
searchree,we have
searchtreegeneratesnly

’ eliminate Y
C=0
D=0
/\ eliminate C
X=1 c=o0
P=1 D=0
D=0
eliminate D
= X=1 C=0
PX1  P=1 D=0
=8 D=0

Figure 3: Intervention-Praing SearchTreefor the Desert
TravelerScenariqquery: )



Algorithm IP(Causalwrld (M,u), Cause X=x, Héct Y=y):
1. Let M be the W-projection of (My) wrt x 1 y.
2. Let I(n) be a reverse topological order of the
endogenous variables of Much that Y=I(0).
3. For all interventions’ysuch that ¥ y:
- if(IPTreeWalk(y', 0) == true) then return true.
4. Return false.

bool IPTreeVlk( Interventionw’, int treedepth):

1. If w' is of the form Xw, then check that ¥(u) = y.
If so, then check that satisfies AC2(c). If so, then
return true.

2. For every (single) variable assignment V=win
such that \ X, V=I(k) for k >= treedepth:

3. For every full instantiatiop of V’s parents such
that F(p) = v:
4.w2~ (W\V)Ep.
5. If w2 is internally consistent, then return true
if IPTreeWalk(wz, k) returns true
6. Return false.

Figure4: Pseudocodéor theIP Algorithm

nodescorrespondingo interventionsof the form
suchthat , Lem. 7 followsasasimplecorollary. ]

Although it is not the casethat generatesvery in-
tervention  suchthat , we cannevertheless
characterizeéheinterventionsthatit produces.

Lemma8 nds only interventions

subjectto the following two conditions:

€) containsa nodeon everypathfromaroot nodeto

in the endaenouscausalnetworkof

(b) If containsa nodeon every pathfromvariable
to ,then

Proof sketch The proof is a straightforvard induction on

thedepthofthe  searchree. |}

Lemma9 nds every intervention
sud that , Subjectto conditions(a) and (b) of
Lem.8.

Proof sketch For node in the searchtree, de ne
astheinterventionthat representsDe ne

asthe setof endogenousariables x ed by . Let
beaninterventionsatisfyingthe conditionsof thelemma.

Let bethefollowing proposition:“At depth of the

searchtree,thereexistsanode suchthatfor all
, we have: (i) ,

(i) , (i)

" canbe provenby inductionon . Fromthis
result,the lemmaimmediatelyfollows, sinceit impliesthat
atdepth ofthe  searchree, will nd anode
suchthat |

Fromthesdemmaswe canprove the correctnessf
Theorem 10 returnsasoutput” " iff

Proof From Lem. 7, it is clearthat returns*
only if ,since  only nds interventionsthatsatisfy
AC2(a),thenchecksto seeif they satisfyAC2(b)and(c).
Now supposehat . Thenthereis someintervention
thatsatis esAC2. Now considerthe setof root nodes

in the endogenousausalnet-

work. Createa new intervention , Where .
Noticethatsince arerootnodes, , thus
this new interventionmustalsosatisfyAC2. Now consider
ary node for which every pathfrom to
containssomenodein Notice that the value of

is thereforeindependenof thevalueof , andhencewe
canremove from our interventionandthis new interven-
tion will still satisfyAC2. Thuswe canalwayscreatea nen
interventionthatsatis esAC2andalsosatis esthetwo con-
ditionsspeci edin Lem.8. Henceby Lem.9,  will nd
thisintervention,andreturn“ "

Therunningtime of thisalgorithmwill vary substantially
dependingon the topology and quanti cation of the causal
network, but we cansaywith certaintythatin theworst-case,

generateso morenodeghanthebrute-forcesearctree
of the previoussection.

Theorem11 Theseach treegenematedby  containsno
duplicatenodes,i.e. notwo nodesthat representthe same
intervention.

Proof sketch Proofby contradiction Assumethatthereare
two distinctnodes and inthe searchreethatrepre-
sentthe sameintervention. Let  bethe commonancestor
of and ,andlet and bethechildrenof onthepath
to and ,respectiely. Thenit canbeshovnthat and
mustdiffer onthevalueof atleastonevariablesetin their
respectie interventions,andthatthis differencepropagates
downto and .Hence and mustrepresentifferent
interventions. |

Since the tree generatedby containsno duplicate
nodes, generateasympototicalljnomorenodeghanthe
brute-forcesearchree,sincethattreecontainsnodesrepre-
sentingevery possibleintervention,andthe  searchtree
containsonly a subsetof possibleinterventions(note that
in addition,  generates certainnumberof inconsistent
nodesthenimmediatelythrowsthemaway; thisaddsonly a
constanamountof work pernode,andthusdoesnotimpact
asymptoticrunningtime). We can characterizehe worst-
casenumberof nodesthat  will generatén termsof the
sizeof thesubsebf interventionsthatit generatesDe ne
asthe subsebf interventions  suchthat and

satis esthe conditionsspeci ed in Lem. 8. Thenfrom
Lem.8, generates nodesn theworst-case.

For eachnode we needo checkthatAC2(b)holds,which
aswe have seen,is polynomialin the numberof nodes
in the causalnetwork. We alsoneedto examineevery ta-
ble entry for the variable we are eliminating, in orderto
generatehe children of the node. This takes time,
where is the maximum size of the domain of the net-
work variablesand is the maximumnumberof parents
per node. We will assumehat the numberof parentsper
nodeis boundedby a constantasis the maximumsize of
the domainof the network variables.Hence becomesa
constantOnceagainsupposinghatcheckingAC2(c)takes

time, we cansaythat the worst-caseasymptoticrun-
ningtimeof s Borrowing
from the resultswe derivedin the previous section,we can



say that . It is notclear
how much tighter a bound is, comparedwith

. Experimentakesults,however, suggest
thatthe differenceis quite signi cant.

Checking AC2(c)

Oncewe nd anintervention that satis es AC2(a)and
AC2(b), we then face the challengeof checkingwhether
AC2(c)is alsosatis edby . To dothis,we needto search
throughthe spaceof possible . For each , we needto
checkthat , where .

For a particular , it is not dif cult to checkthis. We
merelyneedto computethe valueof  underaninterven-
tion, which canbedonein polynomialtime. Theproblemis
thatif representshe setof variableshatarecandidates

for inclusionin , thenthereare possible .
Thus,onecritical issueis to limit thesizeof , thecan-
didatesetfor . Unfortunatelythede nition itself speci es
that containsevery variablein the causalworld thatis
not , ,oramembernf . Fortunatelywecandobetter

Theorem12 De ne similarly to
AC2(c)replacedby thefollowing:

AC2(c): , for all sud that

and appeas on
oneor more directedpathsfrom to in the causal
networkof  thatdo notcontaina membeiof

Then iff

Proof Suppose . Thenthereexistssomeintervention
thatsatis esthemodi ed versionof AC2. Considetthe

set . Forall , either
interceptsall pathsfrom to in the endogenousausal
networkof ,or interceptsall pathsfrom to (oth-
erwise ). Thusde ne as inter-
ceptsall pathsfrom to ,and as . Create
anew intervention . We wantto shaw thatthis
new interventionsatis esthe original versionof AC2.

Since by Prop. 1(b)

, Clearly AC2(a) is satis ed.
(b)l

, SO0 AC2(b) is also satised. Finally, take ary

, exceptwith

Using Prop. 1(a) and

, where is  with all membersof

removed (by Prop.1(a),since interceptsall paths
from thesevariablesto ). FurthermoreusingProp.1(a)
and (b),

, SOAC2(c)is satis ed.

Hence . Thecorverseis trivial. ]

Giventhis result,we canconstructa binary searchreeto
checkAC2(c)in thefollowing manner:for agivenordering
of thevariablesin  , assigneachvariableto eitherbe in-
cludedin  orto notbeincludedin . Theleavesof such
atreewill thenbethepossible we needto check.Hence,
we canapplyasimpledfs,andwhene&erwe hit aleaf, check
thatthe representetly theleafis consistentvith AC2(c).

If not, then AC2(c) fails. If all leaves are consistentwith
AC2(c),thenAC2(c)holds.

We cande ne thevalueof thissearcttreeasl if all leaves
areconsistentvith AC2(c),and0 otherwise.Thesearchree
canbe pruned by useof thefollowing theorem:

Theorem13 Let beanodeofthisseachtree repre-
sentghechoiceof a certainsubset of  forinclusion
in . If there existsa variable sud thatevery path
from to inthecausalnetworkis blockedby someother
variablein , thenthe subteerootedat this nodecan
be prunedfromthe seach treewith no change to the value
ofthetree

Proof Supposehatthereis some suchthat
andsuchthat . If we have variable

for whicheverypathfrom to isblockedby some
othervariablein , thenby Prop.1(a),

. Hencethereexistsa  in anothersub-
treeof thesearchreethatalsoviolatesAC2(c). Thuswe can
prunethe subtreerootedat  with no changeto the overall
valueof thetree. |}

This paper does not addresswhich variable ordering
heuristicscanhelpto maximizetheimpactof suchpruning.

Restricted Forms

So far, we have outlined only completestrateyiesfor han-
dling thegeneraproblemof determining . Inthissec-
tion, we considewhetherwe candevelopbetteralgorithms
for restrictedformsof the problem.

(Nebel 1996) statesthat intuitively speaking,a problem
in suggestswo sourcef compleity. We have identi-
ed thesesourcesasthesearchfor andthe searchor
In orderto achieve a polynomial-timealgorithmfor actual
causewe would needto eliminatebothsourceof complex-
ity. Unfortunately to do so, we would likely be restricting
the problemto suchan extentasto renderthe solutionuse-
lessin practice.Neverthelesswe cantry to eliminateoneof
thesourceof compleity to improve the speedof our algo-
rithm (althoughthealgorithmwill still beexponential-time).

Onemethodof doingsotakesadvantageof thefollowing
resultfrom (Eiter & Lukasievicz 2001):

Theorem14 Let  bea causalworld for which all vari-
ablesare binary. Supposdor a given , AC1,AC2(a),
and AC2(b) hold. ThenAC2(c) holds iff ,
where and

In otherwords, undera binary causalworld, thereis no
needto searchthroughthe spaceof possible . It is suf-
cientto simply checkthe set . Thisamounts
tocheckinghevalueof underasingleintervention,which
as we have noted, takes polynomial time. Thus we can
replaceour exponential-timeAC2(c) checkwith a simple
polynomial-timecheck.Hencethe asymptoticunningtime
of  becomes , whereaghemoregenerabproce-

durerequires

Experimental Results

To testthe algorithmsoutlinedin this paper we generated
randomcausalworldsthroughthefollowing process:



1. We generatedrandomDAG over variablesby adding
an edgefrom variable to variable , with proba-
bility . We alsolimited the numberof parentsallowed
pernodeat

2. Wequanti edthetablefor variable by randomlychoos-
ing thevalueof eachtableentryfrom a uniform distribu-
tion overthedomain(of size ) of

Let bevariablel, andlet . Let be
variable ,andlet . Thequeryto ouralgorithms
was . Notethat isarootof theendogenousausal
network, and  is aleaf.

We rst testedthe averagesize of the W-projectionof a
randomlygeneratedtausalworld. We generated@000ran-
domnetworks by the processlescribedabove (with ,

), then prunedeachwith regardto . The
averagedesultsarepresentedn Tablel. Suchpruningcan
provide dramaticresultsfor lower valuesof

We thenimplementedthree algorithms: the brute-force
algorithm, the samealgorithm with the tree pruning de-
scribedby Thm. 6, and the algorithm. Each used
the CheckAC2c procedurewith the pruning describedby
Thm. 13. For the brute-forcealgorithm with pruning, we
usedan arbitrary topological order of the causalnetwork
variablesas our variable ordering. To comparetheseal-
gorithms, we generatedb000 random causalworlds over
25 variablesby the processdescribedabove with

and . Then we computedthe W-
projectionof eachworld with respectto query . Fi-
nally, we raneachalgorithmon the W-projectiongona Sun
Ultra 10 workstation). The resultsare presentedn Table

2, where is the numberof variablesin the W-projection
(hence ). We displayonly valuesof  from2to 18.
Clearly,  enjoysaconsiderableadwantageoverthebrute-

forceapproachwith pruning. Obsere thatthe averagetime

to generateeachnodeseemso belargerfor  thanfor the
brute-forcealgorithms(by a factor of about2 or 3). Still,

thesavingsthat  providesin termsof thetotal numberof

generatethodeseasilymakesupfor this cost.Moreover, the
performanceof  onbinaryworldsshowvs anevengreater
contrastwith meanexecutiontime of 40 secondsand20000
generateschodeson 18-nodew-projections.

Conclusions

In this paper we have presentedasicalgorithmsfor deter
mining actualcauseaccordingto the de nition presentedn
(Halpern& Pearl2001). First, we presenteca methodof

Nodesin | Avg nodesn

original network | W-projection

Kl 10 2.27
20 3.32

30 5.29

3 10 5.14
20 13.16

30 22.76

Tablel: W-ProjectionSize(avg of 2000nets)

N BruteForce | BFw/ Pruning IP
Avg | Avg Avg | Avg Avg | Avg

nodes nodes nodes
gen. | (sec) gen. | (sec) gen. | (sec)
2 1 1 1 1 1 1
3 4 1 4 1 3 1
4 22 1 15 1 7 1
5 91 1 53 1 18 1
6 304 1 127 1 24 1
7| 1416 1 484 1 51 1
8 | 5413 1| 1253 1 106 1
9 | 19692 4] 3963 1 199 1
10 | 81490 18 | 15283 3 406 1
11 - - | 52142 14 851 1
12 - - - - 1767 1
13 - - - - 3453 2
14 - - - - 7539 5
15 - - - - 19119 16
16 - - - - | 40924 38
17 - - - - | 76207 81
18 - - - - | 248152 272

Table2: Algorithm Performanc&omparison

reducingthe problemsizeby projectinga causaworld onto
areducedsetof (query-dependentjariables.Then,we ex-
ploredtwo approacheso solving the problemanddevised
proven methodsof pruningthe searchspace. The second
attempt,the intervention-praving approachachieved supe-
rior experimentaresults.Finally, we consideredhe taskof
deriving algorithmsfor restrictedforms of the problem,and
shavedhow the  algorithmcouldbeadaptedo runmore
ef ciently for binarycausakworlds.
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